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Abstract: Stallings [6] in 1971 introduced the concept of a pregroup. Subsequent work has been dose by Hoare [2], 

Nesayef [5], Chiswell [1], and many others. Five axioms were originally introduced by Stallings [6], namely P1 , P2 , 

P3 , P4 , and P5. It has been proved in [5] that P3  is a consequence of the other axioms. 
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I.   INTRODUCTION 

In section one, we introduced the main concept and definition which we needed in later sections. In section two, we 

proved that some axioms are equivalent to the other ones. 

We will also investigate some basic properties of Pregroups.  Finally we show that the universal group of a Pregroup has a 

length function given by Lyndon [3]  

II.   LENGTH FUNCTION 

Definition 2.1: A length function 1 1 an a group G , is a function given each element x of G a real number | | , such that 

for all          , the following axioms are satisfied  

    | |       is the identity elements of G .  

    |   |  | | 

    (   )    (   )   (   )   (   ), where  (   )   
 

 
 ( | |  | |  |    | 

Lyndon showed that     is equivalent to  (   )      *  (   )  (   )+  and to 

 (   )  (   )     (   )    . 

       and    imply | |   (   )   (   )    

Assuming,    and     only, it is easy to show that:  

i.    (   )  | | 

ii. | |   | | 

iii.   (   )  | |  
 

 
 | |   see [2]  

   states that  (   )    is deductible from         and     is a weaker version of the axiom:    

   | |    if and only if     in G . 

The following results are introduced by Lyndon [3]. 

(1)  (    )   (     )  | | 

(2)  (     )   (     )  | | Implies |     |  | |  | |  | | 
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(3)  (     )   (     )  | | Implies  (      )   (     ) 

(4)  (   )   (       )  | |  | | Implies |(    ) |  |    |) 

It follows from (2) that for any           (   )  | |    (         )   | | by A3. 

Since  (   )    (    ) we get   (    )     *| |  | |+ 

As state that    (    )     (        )   | |         

Definition 2.2: A non-trivial element g of a group G is called non-Archimedean if  |  |   | | 

Definition 2.3: Let G be a group with length function an element     in g is called Archimedean if | |    |  |. 

The following Axioms and results have added by Lyndon and others  

              | |    |  | 

     (     ) is always an integer 

           |  |    | |          | | is odd 

                   |  |  | |    

        | |             |  |   | |  

        | |             | |          |  |  | |  

    |  |  | |                        

                    *     | |   + 

3. Pregroups: 

Stallings [6] introduced the fallowing construction of a Pregroup. 

Definition 3.1:  A Pregroup is a set P containing an element called the identity element of P, denoted by 1, a subset D of 

PP and a mapping D   P , when ( x , y )  x y  together with a map i : P   P when i (x) = x
1

 , satisfying the 

following axioms .  (We say that x y is defined if ( x , y )   D,  i.e. x y   P ). 

P1. For all x   P , 1x and x1 are defined and 1x = x1 = x . 

P2 . For all x   P , x
1

 x =  x
1

x = 1  

P3 . For all x , y   P if x y is defined , then y
1

x
1

 is defined and (x y )
1

 = y
1

 x
1

. 

P4. Suppose that x , y , z   P . If x y and y z are defined, then x ( y z ) is defined, is      which case x ( y z ) = ( x y ) z. 

P5. If w, x, y, z   P, and if w x, x y, y z, are all defined them either w ( x y ) or (x y) z   is defined. 

Proposition 3.2: Let P be a pregroup and a , x   P.   If a x is defined, them a
1

( a x ) is defined and a
1

( a x ) = x.   

Proof: By P2, we have a 
1

a   is defined and equals 1. Thus by P4 and P1, we have  a
1

( a x ) is defined and      a ( a x 

) = ( a
1

 a ) x = x . 

The following propositions prove that P3 is a consequence of the other axioms. 

Proposition 3.3: Let P be a pregroup and x, y,P . If x y is defined them y
1

x
1

 is defined and ( x y ) 
1

 = y
1

x
1

  

Proof:  Suppose x y is defined . Then x y P and ( x y )
1
  P . 

Consider:   x
1

, x y , ( x y ) 
1

 : 

x
1

( x y ) and ( x y ) ( x y ) 
1

 are defined . 

1
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Since x
1

[ ( x y ) ( x y ) 
1

] is defined and equals to x
1

 then by P4, we have : 

[ x 
1

( x y ) ] ( x y )
1

  is also defined and = x
1

 [(x y ) ( x y )
1

] = x
1

  

By P4 again : y ( x y ) 
1

 = x 
1

 

Now consider :   y 
1

, y , ( x y ) 
1

: y
1

 y and y ( x y ) are both defined . 

Since [ y 
1

 y ] ( x y ) 
1

 is defined and = ( x y ) 
1

 . 

Then by P4: y 
1

[ y ( x y ) 
1

] is also defined and = ( x y ) 
1

. 

Definition 3.4: Let P be Pregroup.  A word in P is an n-tuple:  (  x1…x4 ) of elements of P , for some n   1,  n is called 

the length of the word. 

Definition 3.5 : A word ( x 1….xn ) is said to be reduced if xi x i+1 is not defined for any 1   i   n – 1 . 

Let P 0  = { x  P : x y and y x are defined for all y   P }.  We call Po the core of P. 

Proposition 3.6: Po is a subgroup. 

Proof: Suppose x  Po .  By the definition of Po :  x y , y x are defined for all y P and so    y
-1

 x
-1

and y
-1

x are both 

defined , so x 
-1P. 

Suppose x y Po .  x y , y z and x ( y z ) are all defined for all z   P.  

By P4:  ( x y ) z defined for all z   Po . 

Definition 3.7: Let P be any Pregroup. The Universal group U (P) is the set of all equivalence classes of reduced words. 

Theorem 3.6  |  |     ( )     satisfies the following axiom: 

    | |    

   | |  |   |         ( ) 

      (    )  (   )        (   )    , where s is half an integer and 

   (   )  | |    | |  |    | , for all          ( ) . 

Proof          are obvious, and clearly   (      )    so we shall prove     

Let           ( ) the result is trivial if any one of | |  | | | | is zero, because  

  (   )    so let            | |        

           | |         and            | |         be reduced , where        , and          

Suppose  (   )  (   )    

Case 1 s is an integer  

          (            
  )     

    such that                  
   is defined , where  

                  
           

   and      . 

Similarly                      
      

   , such that                  
    is defined , where  

                 
          

    and      

              
        

              
      

   

                (           
        

  ) (           
        

  )    
   

                      ____________________     _____________________ 
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Then |    |                            i.e  (   )    

case 2    s   is not  an integer  

Suppose (   )   (    )      
 

 
       

                     
        

   , where    is defined and equals  

              
           

    , and either             is defined           (1) 

                                                           Or        
         is defined                  (2) 

Similarly                      
        

       is defined and  

                 
            

   , and either          is defined         (3) 

                                                             Or         
        is defined            (4) 

Suppose (2) and (3) hold: 

If    (           )      
   , then apply P5 on : 

(           )
    (           )      

       
            

Since the product of the first three terms is not defined, then  

(           )      
       

           is defined , i.e.       is defined . 

If           
  (             

  ) , then apply P5 on       
          

  (             
  )       

        
      

Since              
        

  is not defined, then       
 (             

  )    
        

      is defined, i.e           is defined. 

Put                  , 

              
          

                
      

   

                               
      

                      
      

   

i.e. |    |                     

Then   (   )    
 

 
   

If  (1) holds , then            (       )        
      

   , i.e.  

|    |            . thus   (   )    
 

 
   

If (4) holds, then                   (       
  )   

   , i.e.  

|    |            , so again   (   )    
 

 
    

Therefore     is satisfied  

III.   CONCLUSION 

This paper shows that the Universal group of a pregroup can be occupied with a length function defined by Lyndon [3].  

Therefore it will have all the combinatorial group properties, which are open for investigations. 
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