International Journal of Mathematics and Physical Sciences Research [1SSN 2348-5736 (Online)
Vol. 4, Issue 1, pp: (126-130), Month: April 2016 - September 2016, Available at: www.researchpublish.com

Pregroups with Length Functions

Faisal H. Nesayef

Departpent of Mathematics, Faculty of Science, University of Kirkuk, Kirkuk, Iraq

Abstract: Stallings [6] in 1971 introduced the concept of a pregroup. Subsequent work has been dose by Hoare [2],
Nesayef [5], Chiswell [1], and many others. Five axioms were originally introduced by Stallings [6], namely P1 P2,
P3, P4, and P5. It has been proved in [5] that P3 is a consequence of the other axioms.
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I. INTRODUCTION
In section one, we introduced the main concept and definition which we needed in later sections. In section two, we
proved that some axioms are equivalent to the other ones.
We will also investigate some basic properties of Pregroups. Finally we show that the universal group of a Pregroup has a
length function given by Lyndon [3]
1. LENGTH FUNCTION

Definition 2.1: A length function 1 1 an a group G , is a function given each element x of G a real number |x| , such that
forall x,y,z € G, the following axioms are satisfied

A1’ |e] = 0, e is the identity elements of G .
A2 |x71| = |x|
A4d(x,y) < d(,2) = d(x,y) = d(x,2), where d(x,y) = 5 (Ix] + Iyl = lxy~|
Lyndon showed that A4 is equivalent to d(x, y) = min {d(y,z),d(x,z)} and to
d(y,z),d(x,z) 2m = d(x,z) =2m.
A1, A2 and A4 imply |x| = d(x,y) = d(y,x) =0
Assuming, A2 and A4 only, it is easy to show that:
i. ed(x,y)=|el
i. x| = el
iii.  d(x,y) < |x| - lel, see [2]
A3 states that d(x,y) = 0 is deductible from A1', A2 and A1’ is a weaker version of the axiom:;
Al |x|=0ifandonlyifx=1inG.
The following results are introduced by Lyndon [3].
(1) dCey,y) +d@,y™) =yl
) dx,y ™) +d@,z7h) < |yl Implies  |xyz| < |x| = |yl + |z
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(3) dx,y ™D +d(y,z™") < |yl Implies d(xy,z™") = d(y,z™")
(4) d(x,y) +d(x71y™) = |x| = |y| Implies |[(xy™)?| < |xy ™))
It follows from (2) that forany x,y € G,d (x,y) =|y| —d (xy~1,y™1) < |y| by A3.
Since d(x,y) =d (y,x)we getd (x,y) < min{|x|, |y|}
As state that dix,)+dxt,y D> |x|l=y 2x=y
Definition 2.2: A non-trivial element g of a group G is called non-Archimedean if |g?| < |g|
Definition 2.3: Let G be a group with length function an element x = 1 in g is called Archimedean if [x| < |x2|.
The following Axioms and results have added by Lyndon and others
A0 x#1 = |x| < |x?]
CO0 d(x,y) isalways an integer
Cl x#1,|x?| < |x|implies |x]| isodd
C2 For no xis|x?|=|x|+1
C3 if |x| is odd then |x?| = |x|
C1' if |x| is even and |x| # 0, then |x?| > |x|
NO |x2| < |x| impliesx? =1 isx = x™1
N1* G is general by {x € G : |x| < 1}
3. Pregroups:
Stallings [6] introduced the fallowing construction of a Pregroup.

Definition 3.1: A Pregroup is a set P containing an element called the identity element of P, denoted by 1, a subset D of

PxP and a mapping D — P, when (X ,y) —>xYy together withamapi:P — P wheni (x) = x* satisfying the
following axioms . (We say that x y is defined if (x,y) € D, i.e.xy € P).

P1. Forall x € P, 1x and x1 are defined and 1x =x1 = Xx..

P2 .Forallx € P,x_lxz x tx=1

P3.Forallx,y e Pifxyisdefined , theny “x " isdefinedand (xy) * =y ' x *.

P4. Suppose that x ,y,z € P . If x yand y z are defined, then x (y z ) is defined, is  whichcasex (yz)=(xy) z.
P5.1fw, X,y,z € P,and if wx, Xy, yz, are all defined them either w (xy) or (xy) z is defined.

Proposition 3.2: Let P be a pregroup and a, x € P. If a x is defined, them a™ (ax) is defined and a™ (ax)=x.

Proof: By P2, we have a a s defined and equals 1. Thus by P4 and P1, we have a™ (ax)isdefinedand a*(ax
):(a_l a)x=x.
The following propositions prove that P3 is a consequence of the other axioms.

Proposition 3.3: Let P be a pregroup and X, y, € P . If x y is defined them y’l x " is defined and (xy) = y’l x

Proof: Suppose x y is defined . Then xy € P and (xy)_1 eP.
Consider: x_l,xy,(xy) =
x_l(xy)and(xy)(xy)  are defined .
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Since x [(xy)(xy) _1] is defined and equals to x " then by P4, we have :

[x “(xy)l(xy)™ isalsodefinedand=x" [(xy) (xy) ‘]=x"

By P4 again:y (xy) Taxt

Now consider : y - y,(Xy) - y"l yandy ( xy) are both defined .
Since[y " y](xy) isdefinedand=(xy) .
Then by P4:y ’1[y(xy) ’l] is also defined and = (xy) -+

Definition 3.4: Let P be Pregroup. A word in P is an n-tuple: ( X;...x4) of elements of P, for some n > 1, nis called
the length of the word.

Definition 3.5 : Aword ( X, ....x,) is said to be reduced if X; X j,; is not defined forany1 < i <n-1.

LetP, ={xe P:xyandy xare defined forally € P }. We call P, the core of P.

Proposition 3.6: P, is a subgroup.

Proof: Suppose xe P,. By the definition of P,: xy,y x are defined forally ePandso y*x* andy'x are both
defined , so x eP.

Suppose Xy €P,. xy,yzandx (yz) are all defined forall z € P.

By P4: (xy) zdefined forall z € P,.

Definition 3.7: Let P be any Pregroup. The Universal group U (P) is the set of all equivalence classes of reduced words.
Theorem 3.6 | |+ U(P)— P satisfies the following axiom:

Al |1 =0

A2lgl =1g7" ,geU(P)

A4'"d (g,h),d(h,k) >s=0-d(g,k) = s, wheres is half an integer and

2d (g,h) = lgl + |kl —|gh™*|,forall ,h,k e U (P).

Proof A1’,A2 are obvious, and clearly d (g, h) = 0 so we shall prove A4’

Let g, h, k € U (P) the result is trivial if any one of |g|, |hl|, | k| is zero, because

d(g,h) =0soletg =x; ... x,,lgl=n =1

h=y, .V, lhl=m =1,andk =z, ... z,,|k| =€ =1, bereduced , where x, ,y, ,and z; & 4,
Suppose d(g, h),d(h, k) > s

Case 1 sis an integer

gh™ =x; ... (Xn_s a5 Yimts) - y71 suchthat ag.q = x,_s as Yt is defined , where

(g = Xp_siq1 - Xp Vmt e Vimbgprandag =1.

Similarly hk™ =y, ... yp_s bs 2, ... 27, such that bg,; = Vs bs z; is defined , where

bg = V—sit -« Ym Z + o Zj 2, and by = 1

-1 _ -1 -1 -1 -1
k™" = X1 o Xu Yim o Yimes Ymes - Ym Zp w21

= X1 o (g v X Vit oo Yimss) s oo Y 27+ e Zp25) v 211

as+1 bs+1
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Then |gk™| <n—-s—-1+1+1+f—-s—1 <n+{f-2s ied(g,k)=s
case 2 s isnot an integer
Suppose (g, k),d (h, k) > s = r—% v =1
gk = x1 . Xp_r @ Y2y .. Y71, Where a, is defined and equals
Xpyi1 o Xn Yt e Ymtrsq » and either x,,_,. a, is defined @)

Ora, y,;1. isdefined 2
Similarly hk™* = v, ...y_, by z;2% ... z7'%, b, is defined and
by = Ym—ri1 Ym 2 o 27241, and either y,,_. b, is defined 3)

Or b, z;2, s defined (4)

Suppose (2) and (3) hold:
If a, = (Np—ri1 Gre1)Vmers1 » then apply PS5 on :
Cper1 Gro1) ™ a1 G-V rs1s Yt Ymer by
Since the product of the first three terms is not defined, then
(peri1 G )Yl i1 Vints Yim—r by is defined | i.e. a, b, is defined .
If ar Xp_ri1 (@r—1 Ymirsq)  thenapply PSon yt s, ¥nriq (@roy Ymlirid)  Yimle Yimr by
Since a,_; Ymiri+1 Ymir is not defined, then x,,_,11(@r—1 Ymire1)Vmir Ym—r by is defined, i.e a, b, is defined.
Put a, b, = ¢, ,

-1 _

-1 -1 -1 -1
gk = X1 X Ym© oo Ym—r+1 Ym—r+1 - Ym Zp 23

= Xp e Xpg e Qp bz o 2T = X e Xy e G Zp 0 o 27T
ie|gk<sn—r+1+fl—r=n+f-2r+1
Then d (g, k) 2r—§=s
If (1) holds,then gk™ = x, ... (xy_r @) by 2,2, ... 271, i€,
lgk ™| <n—r+1+¢—r.thusd (g,k) 2r—%=s
If (4) holds, then gk™* = x; ... x,_, a, (b, z;2,) z71 , ie.
lgk™Y|<n—r+1+¢—7,s0againd (g, k) 2r—%=s
Therefore A4 is satisfied

I11. CONCLUSION
This paper shows that the Universal group of a pregroup can be occupied with a length function defined by Lyndon [3].
Therefore it will have all the combinatorial group properties, which are open for investigations.
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